Int J Theor Phys (2009) 48: 969-980
DOI 10.1007/s10773-008-9870-3

Exact Solutions of Dirac Equation and Particle Creation
in (1 4+ 3)-Dimensional Robertson-Walker Spacetime

Shahpoor Moradi

Received: 3 June 2008 / Accepted: 8 October 2008 / Published online: 22 October 2008
© Springer Science+Business Media, LLC 2008

Abstract The exact solutions of the Dirac equation are discussed for a Robertson-Walker
spacetime with asymptotically Minkowskian in and out regions. We obtain the mode solu-
tions which reduce to positive and negative Minkowskian spinors in asymptotically regions.
Using the obtained solutions we compute the density of created particles.
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1 Introduction

The behavior of relativistic particles obeying the covariant Dirac equation in Robertson-
Walker space-time has been discussed in various contexts [1-8]. One of the most important
but difficult problems of the quantum field theory in curved spacetime is the problem of
finding analytic solutions of Dirac equation on given backgrounds. Barut and Duru [1], who
based their formulation of the Dirac equation in the Robertson-Walker (RW) metric on the
assumption of spatially “flat” hypersurfaces, investigated the exact solutions of the Dirac
equation for three typical models of expanding universe.

The purpose of the present paper is solution of Dirac equation in a model of RW space-
time which is manifestly Minkowskian in the remote past and future. In this model of space-
time in and out vacua are well defined because the scale factor reduces to a constant at the
asymptotic regions.

2 Dirac Equation and It’s Solutions

Consider a spatially flat RW space with the metric

ds? =dt*> — a*(t)dx'dx;, (1)
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where a is the scale factor of the expanding Universe. In terms of conformal time parameter
given by n = fdt/a (1), the line element (1) to be

ds* = a*(n)(dn* — dx'dx;). 2)
The Dirac equation in the line element (2) is
o 3a
iy, +i=—y —ma |¥ =0 3)
2a

dot refers to differentiation with respect to conformal time 7 and y’s are flat-Dirac matrices

o (1 0 i 0. T A o @
=\, ) = e= )

The Dirac equation (3) becomes

(iy"d, —ma)® =0, @)
where
U =a9, (©6)
by substitution
& = (iy"d, +ma)d, @)
into (5) we arrive at
(O — iypam +m*a®)¢ = 0. 8)

Analogous to Minkowskian spacetime we define the positive and negative frequency modes
as follows

¢(+) = Nu(m, d)f(Jr)(f])eik‘x, 9)
¢ = Nv(m, d) O (me™, (10)

where d = 1,2. Here N is normalization constant and u(m,d) and v(m, d) are flat rest
spinors satisfying

you(m,d) = u(m,d), (11)
you(m, d) = —v(m, d). (12)

F® () and £ (n) satisfying in the following equations
0 + k> —iam +m*a®) f () =0, 13)

or

(0p + k> +iam +m*a®) f () = 0. (14)
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Note that £ in the asymptotic regions reduces to positive frequency mode and f
reduces to negative frequency mode. In the asymptotic regions as n — £oo (13) and (14)
reduce to

(0 + k> + m*a*(£00)) f () =0, (15)

with the solutions & (57) & e¥“ou" in the out region and f & (n) ~ e¥“" in the in region,
where

W = (K + m?a* (£00))' = (kK + M%) /2, (16)

Then the positive and negative spinors take the forms

Uk,d,x,n) = N@id, —k-y +mayu(m,d) f* (e*™

= D(+)u(m’ d)f(-#)(n)eikx’ a7)
Vik,d,x,n) = N(—id, +k-y +ma)v(m, d) £ (e~ *x
= D(*)U(m’ d)f(*) (n)efik-x’ (18)

which in the asymptotic regions as n — oo reduce to

vk, + M

Up(k,d,x,n) — u(m,dye”™*~, (19)
n \/2M;:lut(Mi¢;lut + w;}ﬂut)
_ uk MQL¢[ .
vk, d,x, n) — Y ot Mis o, dyei®. (20)
\/ZM;;lut(Mianm + w;)nut)
Then the normalization constance N takes the value
out 1
Now = . 2D
\/ZM,-‘:IM (Mi(;zw + w?nm
In Dirac representation for y matrices we have
idy +ma 0 —k3 —ki +iky
0 idg+ma —ki—ik k
D _ o . ‘ 1 2 3 ’ 22)
k3 ki —ik, 109+ ma 0
kl +lk2 —k3 0 i80+ma
—i80+ma 0 k3 k] —ikz
0 —idp +ma ki +ik —k
Do) = o S ’ . (23)
—k3 —k1 +lk2 —180+ma 0
—ky — ik, k3 0 —idy +ma
Then
i fk(+) + maf(+)
0 "
Utk,1,x,n) =N e X, (24)

k3fk(+)
(k1 + ikz)fk(+)
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0
2 () +)
i +ma .
Utk,2,%,1) =N i f(’;) e, (25)
(ki — ika) fy
_k3fk(+)
ks £
(ky + iko) £ .
Vi txm =N 0 e, (26)
—ify  +maf,
0
(ky — ik) £
—fa £ .
Vk,2,x,7) =N ks fi e kX, 27
0
—i 'k(*) + mafk(f)
Suppose that
a(n) = A+ Btanh(pn), A, B, p = constants, (28)

which is Minkowskian in the far past and future, i.e., ¢ —> (A + B) in the in region
and a —> (A — B) at the out region. This spacetime was first discussed by Bernard and
Duncan [9]. Note that this spacetime has no big bang, instead the universe starts out as
Minkowskian space, then expands smoothly and ends up as another Minkowskian space. In
the limit A — 0 and 0 < n < 1/p, a(t) o t'/2, so universe behaves like radiation-dominated
Friedman cosmology with K = 0. For scale factor (28) the solutions of (13) which in remote
past reduce to positive frequency mode is

,-El+)(r7, a,b,c)= exp|:—iw+n - <W; ln[2coshpn]>]F(a, b,c,2). (29)
0

Another mode which in far past reduces to negative frequency mode is

£ (.a.b.c) = eXP[—iw_n - <lw—+ In[2 cosh pn])]
0

XxFla—c+1,b—c+1,2—c,2), (30)
where
io_ imB io_ imB
a=—+ ) b=14+—-— , 31
P P Y 1Y
[ Win tanh 1
c=1- Wi Z:M, (32)
P 2
out 1
W, =Wy iw*v W+ = i(wout:twin)- (33)
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Similarly, one may find a complete set of modes of the field that behaving as positive and
negative frequency modes in far future

(+) - — _ (-
(n,a,b,c) =exp| —iwyn In[2 cosh pn]
out p

x Fla,b,a+b—c+1,1-72). 34)

5, a,b, o) = eXp[iw—n + (lw—+ ln[ZCoshpn])]
P
x F(c—a,c—b,c—a—b+1,1—2). 35)

Using the following property of hypergeometric functions [10]

d c—a—1
z(1 —Z)d—ZF(a,b,C, 2) Za[m - —z)]F(a,b,c,z)
=AY i ib—1,e2) (36)
b—a-1)

we have

d
[i% +m(A+B tanh(pn))] £
= expli—iaqn — (m; In[2 coshpn]>:|
0

B
X (a)++2w_z—a)_+(w_+mB)<2—zz_ M)

mB
+m(A—B)+ 2mBz>F(a,b,c, Z)

+ (w—+mB)(wy —mB)
mB

= exp[—iwg] — (za)__ In[2 cosh pn])]
0

y [(m _ w_w+>F(a,b,c,z)
mB

n (w_+mB)(wy —mB)
mB

Fa+1,b—1,¢,2)

F(a—i—l,b—l,c,z)]

It’s easy to check that

(mA _ ”“"*) o0, 37)

and

(- +mB)(wy —mB) =m(A — B) + wj,. (38)
mB
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Then

;) ) _ . fw-
ifi +maf,” =M+ wp)exp| —io n — | — In[2cosh pn]
0

x Fla+1,b—1,c,2z). 39

For positive frequency out mode

d
[id— +m(A+ Btanh(pn))]f;u?(n, a,b,c)
n
lw_
= exp|:—ia)+n - (— In[2 cosh pn])]
P

wy —mB
X [((w+ +2zw- —w_) + (w- +mB)[_T - 2Z]

+m(A—B)+2mBz)F(a,b,a+b—c+l,l—z)

(w_+mB)(wy +mB)
_l’_
mB

= exp|:—iw+n — (m; In[2 cosh pn]>:|
o

F(a—l—l,b—l,a—i—b—c—i—l,l—z)]

X [(mA— wia”)F(a,b,a—l—b—c—l—l,l—z)
mB

(o +mB)(wy +mB)
+
mB

F(a+1,b—1,a+b—c+1,1—z)].
Then

) + _ Ciwan — (=
lfou/ +maf0m _(Maut_l'waut)exp lwyn 0 IH[ZCOShPU]
xFa+1,b—1,a+b—c+1,1-72). (40)

Similarly for negative frequency modes we have

—i f7 4 mafy” = My + i) eXp[—iw-n - (""—* In[2cosh pn])
P

X Fla—c+2,b—c,2—c,z). 41

P ) ) — ; fwy
-1 foul + mafnu[ - (Mout + wout) exXp|iw-n + 7 11’1[2 cosh /077]

x(c—b+1l,c—a—-1,14c—a—-b,1—-72) (42)
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then the four component spinors (24)—(27) take the forms

Uk, 1,%, 1) = Niy exp[ik X — iy — <’w—‘ In[2 cosh pn])]
0

M in + Win
0

)F(a—i—l,b—l,c,z)

X , (43)
ks F(a,b,c,2)
ki + ik a,n,c,z
. . . iw_
U"(k,2,x,n) = Ny, exp[zk X —iwyn — <—1n[2¢osh,on]>]
0
( )F(a—i—l,b—l,c,z)
Min +a)in
X , (44)
ki — ik
F(a,b,c,z)
—k3
in . . iCl)+
V" (k,1,x,1n) = Nyexp| —ik-x —iw_n— [ — In[2cosh p7]
0
ks Fla—c+1,b—c+1,2 )
b+ ik a—c+1, c+1, ¢,z
, (45
Min+win
( 0 )F(a—c+2,b—c,2—c,z)
in ) . iwy
V" (k,2,x,n) = Nypexp| —ik-x—iw_n — | — In[2 cosh pn]
0
ki — ik
‘ Fa—c+1,b—c+1,2—c¢,2)
—k3
X . (46)

Fla—c+2,b—c,2—c,z2
(Min+win) ( )

where ky = k; &£ ik,. Another set of spinors which behave as Minkowskian spinors in the
remote future (n — +400) are

U™ (k,1,x,n)

= Nou exp[ik X —iwyn — (m; ln[ZCoshpn]>]
P

(M our + @our

0 )F(a—l—l,b—l,a—i—b—c—i—l,l—z)

) (47)

k3
Fa,ba+b—c+1,1—
<k1+ik2> (a,b,a c 2)
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U™ (k,2,%,n)

= Nou exp[ik X —iwyn — (m; ln[ZCoshpn])]
P

0
Fa+1,b—1,a+b—c+1,1-2)
(Mout+w0ut>

) (48)
ki —iko
F(a,b,a+b—c+1,1—7)
—k;
Vo(k, 1,x, 1)
. . iy
= Nyyexp| —ik-x —iw_n+ | — In[2 cosh pn]
P
ka F( b b+1,1—72)
Kt ik c—a,c ,c—a , z
. (49
MDut—"_wDuf
( 0 )F(c—a—i—l,c—b—1,c—a—b+l,1—z)
Vo(k,2,x,1)
= Nou exp[—ik X —iw_n+ <lw—+ ln[200shpn]>]
0
ki — ik,
‘ F(c—a,c—b,c—a—b+1,1—-72)
x ’ (50)
0
<M0,,,+com,,)F(C_a+1’c_b_ l,c—a—b+1,1-2)
In the limit n — —o0
Min +win
in ik-x—iw; 0
U"(k, 1,x, 1)~ Nje™ ™ "@n , (5D
k3
ki +iky
0
. . : Min +win
U (k,2,%, 1) & Nje'*xienn ) , (52)
kl —lk2
—k3
k3
. . . ki + ik,
in ~ N. —ik-X+iwipn
VI K, 1%, 1) & Ne Mo ton | (53)
0
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ki —iky
in —ikx+iw; —ks
V©*(k,2,x,n) & Nye il 0 . (54)
Min + Win
Also as n — +o00
M s + @ous
t ik-x—i 0
U™k, 1,X,n) & Noye™ ™ out ) (55)
k3
ki + ik,
0
: . My + o
U™ (k, 2, X, 0) & Nogge™*0oan | 20070 (56)
kl — lk2
—k;
ks
o ky —ik
Vout(k, 1! X, 77) ~ Nou[eftk‘xﬂwoum 1 2 , (57)
Mot + Wous
0
ki — ik,
out —ik-x+iw, _k3
Voi(k,2,x,n) ~ Noue out’l 0 . (58)
Moyt + @ous

3 Particle Creation Rate

Let assume that {Uin(ky da 7]), Vin(ks d? 77)} and {Uuut(k, d, 77)7 Vout(k, d7 77)} are two com-
plete set of mode solutions of Dirac equation which define particles and antiparticles in
asymptotic regions. The Dirac field operator can be written as

Y (x) = / kY [an, Uik, d, n)e™> + b, (—k, d) Vi (k,d, me ™ ], (59)
d

and

¥ (x) = / kY [k, DUk, d, )e™™ + bl (—k, d)Vouk, d, me™™ ], (60)
d

here a;,, b;, and a,y, b,y are respectively annihilation of particles and antiparticles. Since
each set is complete we can write down one set in terms of another

Un(k,d, 1) = Upu(K, ') + Baa Vou (k. d', 1), (61)
i

Vin(k, d, ) =Y 0dar Uouu (K, d', 0) + Gaar Vour (K, d', ). (62)
d!
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Then the in and out creation operator of particles and antiparticles are related by

ok, d) = Y grain (K, d') + Qaably(—K. d), (63)
d/

Dok, d) = Y 0ybin(k. d') + By (k. d) (64)
d/

orthogonality of spinors yields

D letaarl” + 1Baar P =1, (65)
d/
> 10dar” + loaa > = 1. (66)
d/

The expectation value of the out particles in the in vacuum (i.e., created particles) is

N? = (Olat), (. )t (k. d)|0i) = > | paar . (67)
d/

Similarly the expectation value of out antiparticles in the in vacuum (i.e., created antiparti-
cles) is

N = (0] (K, )by (k. d)|03) = > | Baar |- (68)
d/
Then total number of particles created is

N=> lparl*+ ) |Baa*. (69)
d d

Now we calculate the particle creation rate by the expanding universe. Using the linear
transformation properties of hypergeometric functions [10]

_el'c—a—>)
F(a,b,C,Z)—mF(d,b,d-}-b—C-}-l,l—Z)

'e)'ra+b—-c)

1— . c—a—>b
+(1-2) T aT®)
x F(c—a,c—b,c—a—b+1,1—-7), (70)
and
Fa,b,c;20)=(0—2° " F(c—a,c—b,c;2), (71)

we can evaluate Bogolubov transformation between f;,,(n) and f,,;(n). At n — 400 we get

I(1— )P (-t

(+) I —io
o (n)% , . - . e out1]
O
(1 — ) (fer) .
P P elwnmn’ (72)

+ iw i iw i
[(1 4 1= — whyp(fe 4 b
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and

fl;_)(") ~ F(l +T)F(T) — e_iwouﬂ’]

iw— imB iw—
FAd="+ 5%

I(1 4 )P ()

+ - ¢l (73)
P(1 4 25 4 B[ (<2 — 1)

Then the rates of created particles and antiparticles are the same. Using the orthogonality of
the solutions we obtain the creation rates

N, =N,

(st sy

N0 e 4 By (s i)

—1
+ 1) (74)

((wf—mB)(au mB) sinh Z(w, +mB)sinh % (v, —mB) )‘ 5)

(w_ +mB)(w; +mB) sinh (a) + mB)sinh & (a)_—mB)

Q. sinh %(a), + m B) sinh %(a), —mB)
" Q_sinh %(w+ + mB) sinh %(w+ —mB) + Q, sinh %(a)_ + mB) sinh %(a)_ —mB)’

(76)

where
Qi = m(A + B) + Wour- a7

In the massless case limit no particle production occurs. In the weak expansion limit, i.e.,
p—0

2T
N,=N,~e »"n, (78)

which is a thermal distribution.
Here we compare Dirac case with scalar field. For scale factor (28) particle creation rate
for scalar particles is [11]

COSh?T(zQ) +coshn(m—’) 9
n (79)
£ coshn(m*) — coshﬂ(ﬁ)

where
Q =[m?B* — p?/4]"2. (80)
Similar to Dirac case we have the thermal distribution in the weak expansion limit

I
ng x> e tr D, (81)

The creation of high mass particles for m >> p, approaches zero sharply, which is reason-
able, because production of high energy particles needs much more changing of gravitational
field.

@ Springer



980 Int J Theor Phys (2009) 48: 969-980

Appendix: Feynman Propagator

The Dirac field operator can be written as
v =y + v xn)

= / kY [ak, YU (k. d, )e™™ + b (~k,d)V (k. d, me™™ ], (82)
d

where the orthonormalization relations between the spinors are

(U, d ), Ukdn)=(VE.,d n),Vkdn)=8usK -k, (83)

(UK. d',n),V(k,dmn)=(VEK,d n,Ukdn)=0. (84)

Standard definition of the Feynman propagator is

Se(n,n',x—x) = i(0|T (Y (x), ¥ (x)|0)
=0 —n)SPm, 0, x—x) =00 =S, n,x—x) (85

where S®) are partial anticommutator functions [12]

SEmn x—x)=i{y®x ), T &, 0. (86)

calculation of Feynman propagator generally is rather complicated. In some models of
spacetimes because of simplicity of the solutions, for example de Sitter, Green functions
can be calculated straightforwardly [12, 13].
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